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Calculations of the flows over NACA 4412 and GA(W)-2 airfoils with low-speed flow and over NACA 0012 and
RAE 2822 airfoils with transonic flow are reported. They were obtained by solving potential flow and boundary-layer
equations, and by solving thin-layer Navier-Stokes equations. The results cover a range of angles of attack up to and
including stall and allow the evaluation of the numerical and physical features of the two solution methods. The
agreement with measurements is acceptable except between the results of the thin Navier-Stokes equations and
measurements in subsonic flow at high angles of attack. The interactive boundary-layer method is considerably more
efficient, requiring considerably less computer time and storage.

Introduction

HE calculated results presented here allow detailed com-

parison of procedures based on two reduced forms of the
Navier-Stokes equations. They supplement the previous work
of Ref. 1, which was concerned with low-speed flow over a
NACA 0012 airfoil, and include consideration of two airfoils
with low-speed flow and two with transonic flow. The compari-
son of the two procedures with each other is concerned with
their efficiency and numerical accuracy; the comparisons with
experiment permit assessment of their ability to represent a
range of flows.

The time-averaged thin-layer Navier-Stokes (TLNS) equa-
tions are a reduced form of general equations with neglected
longitudinal diffusion and are considered hére in two-dimeén-
sional form. The time-averaged two-dimensional boundary-
layer equations are formulated with the same assumptions and
with the neglect of convection, diffusion, and pressure gradient
normal to the direction of preferred flow. The boundary-layer
equations are, however, solved together with the inviscid-flow
equations that do represent normal convection outside the
boundary layer so that the relative advantages of numerical
methods based on the two equation forms cannot be quantified
a priori. The calculations of Ref. 1 have shown that both forms
can result in accurate values of lift coefficient up to moderate
angles of attack. The interactive boundary-layer (IBL) ap-
proach is preferable at high angles of attack and also provides
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better representation of lift. The total drag coefficients com-
puted by both procedures agree with each other at small angles
of attack, but those computed by IBL deviate from those com-
puted by TLNS at higher angles of attack. It is also evident
that the added cost associated with the use of the TLNS ap-
proach can be considerable.

Since the equations are solved in time-averaged form, a tur-
bulence model is required and an eddy-viscosity hypothesis is
employed with both approaches. As in Ref. 1, the algebraic
formulation of Ref. 2 is used in the IBL method. A modified
form of this model® is used with the TLNS equations. The
interactive method, again, makes use of a conformal mapping
procedure to solve the potential-flow equations* for low-speed
flow. The transonic-flow calculations made use of the full
potential approach of Bauer et al.> with modifications as de-
scribed in Ref. 6. It is not expected that the method used to
solve the inviscid-flow equations influences the conclusions.
The different turbulence models of the two approaches are also
likely to have a small influence’ except in the wake region
where the turbulence model of the IBL procedure® is different
from that used in the TLNS procedure.

The paper has been prepared with four further sections that
are concerned with describing the IBL and TLNS methods,
results and discussion, and summary conclusions. The descrip-
tions in the sections are brief, since more detailed descriptions
are available in Refs, 1, 9-11 for subsonic flow, and in Ref. 12
for transonic flow.

Interactive Boundary-Layer Procedure
This procedure involves the solution of inviscid- and viscous-
flow equations, the latter in inverse form, and the Hilbert inte-
gral approach!! to link the two sets of equations through a
blowing velocity. Two methods were used to solve the inviscid-
flow equations, one for subsenic and the other for transonic

- flow. The method of Refs. 5 and 6 could have been used for

both types of flow, but that of Ref. 4 was preferred for subsonic
flows since this method has a number of very desirable fea-
tures.!® The following subsections describe the two inviscid-
flow methods and the interactive boundary-layer method.
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Inviscid Flow: Subsonic Flow

The conformal-mapping approach of Halsey* involves trans-
formation of the region outside the airfoil to that outside a unit
circle and the solution of the inviscid-flow equations within this
transformed plane. It makes use of Fourier analysis techniques
to expand the complex velocity to an infinite series involving a
constant and negative powers of the complex coordinate: The
major computational effort is in the transformation, which
needs to be performed only once so that the approach is
efficient.

The influence of the inviscid flow on the wake is simulated by
a distribution of sources and sinks along the inviscid trailing
streamline and its reflection in the unit circle. At high angles of
attack, care is required to deal with displacement thicknesses of
up to 10% chord in the region close to the trailing edge. The
blowing velocity is calculated at the displacement surface and
applied on the airfoil surface to avoid difficulties associated
with the near-wall pressure gradient. The Kutta condition is
modified to apply the displacement surface, on the locations of
the velocity values, with the assumption equal off-body pres-
sure at the upper and lower trailing-edge points. Further details
are provided in Ref. 10.

Inviscid Flow: Transonic Flow

In the method of Refs. 5§ and 6, conformal mapping is again
 used with the inviscid equations solved in the transformed
plane by a successive line over-relaxation method combined
with a fast elliptic solver which provides rapid convergence of
the solution in the subsonic region, while the over-relaxation
ensures convergence in the supersonic flow regions. An artifi-

cial viscosity term is introduced to allow the degree of conser--

vation of the finite-difference scheme to be selected at any level
between conservative and nonconservative.

The initial inviscid velocity iterations make use of a Kutta
condition that ensures finite velocity at the trailing edge by
introducing a stagnation point at the corresponding point in
the computational plane. As the boundary-layer calculations
are performed, a blowing velocity is again introduced on the
airfoil surface to simulate the viscous effects. In addition, the
Kutta condition is modified to ensure that velocity magnitudes
at the edge of the displacement thickness match at the trailing
edge, and this is accomplished by interpolation. The procedure
also accounts for the effects of the viscous wake by applying
wake boundary conditions along the grid line through the trail-
ing edge so that the shape of the wake is independent of the
angle of attack. This limitation is not serious, since the
boundary condition applied on the wake takes the form of a
specified normal velocity jump, which rapidly decreases away
from the trailing edge.

Interactive Boundary Layer

The boundary-layer equations for steady, two-dimensional,
external flow are well known and are solved here with eddy-
viscosity and turbulent Prandtl-number assumptions. The alge-
braic eddy-viscosity formulation of Cebeci and Smith® as
described in Ref. 10 is preferred because it provides the best
compromise between accuracy and simplicity, and a constant
value of 0.9 is assumed for the turbulent Prandtl number. The
equations representing conservation of mass, momentum, and
energy are solved with Keller’s box method, which is an
efficient and accurate second-order finite-difference method
used by Cebeci and associates for a wide range of flows."?

Interaction between the inviscid and viscous flows is
achieved by a blowing-velocity distribution that is linked to the
displacement-thickness distribution through the Hilbert inte-
gral. Where separation is encountered, the equations are solved
in inverse form with the FLARE approximation that neglects
longitudinal convection in the recirculating region. The same
approach is taken in the wake where the dividing streamline is
computed from the conformal mapping procedure as a line
having constant stream function. It is also used by the inviscid
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method to apply the blowing velocity required to simulate the
displacement thickness and to compute the inviscid velocity.
An inviscid point distribution in the wake is defined where the
wake blowing velocity is defined, and where the wake velocity
distribution is determined. This requires interpolation of the
boundary-layer blowing velocity to the inviscid points. In addi-
tion, the computed inviscid velocity is interpolated back to the
boundary-layer points by making use of the computed velocity
at the trailing edge as the initial wake point. In the immediate
vicinity of the trailing edge, particular care is required in the
choice of locations at which values of the blowing velocities are
applied in the solution of the inviscid equations. The use of the
FLARE approximation in wakes with separation upstream of
the trailing edge (as compared to wall boundary layers where
the separated region is close to the wall) can pose numerical
difficulties. As in Ref. 10, however, the continuation method
was used to overcome the problem.

Thin-Layer Navier-Stokes Procedure

The thin-layer equations are generally referred to in the liter-
ature as TLNS equations. They are obtained by neglecting
streamwise and spanwise derivatives of the viscous and turbu-
lence stress, conductive heat-flux terms, and any term involving
mixed derivatives. (For a detailed discussion, see Refs. 14 and
15.) These approximations are justified either by order of mag-
nitude arguments or by consideration of the computational
accuracy argument. The TLNS equations have been proposed
mainly on the computational argument. The form of the equa-
tions generally used does not satisfy relationships between met-
ric coefficients in diffusive and -conduction terms, but the
resulting error is usually insignificant, except when the effective
viscosity is relatively large. In addition, longitudinal-curvature
diffusive terms are neglected as a consequence of the Cartesian
velocity components.

An_implicit numerical method is used to solve the TLNS
equations and is based on that of Ref. 16. Since only steady-
state computations are of interest, a diagonal form for the
Euler equations and a spatially varying time step are used.
Reference 9 provides a description of the numerical scheme to
obtain the results presented here. The turbulence model incor-
porated in the code is described in Ref. I.

Results v

Measurements of the flow around a NACA 4412 airfoil have
been reported in Refs. 17 and 18 and made use of flying hot-
wire anemometry to obtain results at angles of attack up to
that of maximum lift. The Reynolds number based on chord
length was 1.523 x 10° and transition was induced at 2.5%
chord on the upper surface and 10.3% chord on the lower
surface. The same Reynolds number and transition locations
were used in the calculations with both methods at angles of
attack up to.12 deg. Above 12 deg, the interactive calculations
revealed a laminar separation very close to the leading edge,
and the location of the onset of this separation was taken as
that of the onset of transition. This assumption is consistent
with transition having occurred upstream of the trip in the
experiment.

The flow around a NACA 4412 airfoil has also been investi-
gated at a chord Reynolds number of 3 x 10° (Ref. 19). Corre-
sponding calculations have been performed with the onset of
transition determined, in the absence of experimental informa-
tion, by the criterion of Ref. 20, and by the onset of laminar
separation.

Figures 1 and 2 permit comparison of the measured and
calculated values of lift and drag coefficients for the NACA
4412 airfoil. The results for lift coefficient also display the vari-
ation with angle of attack that was obtained from the solution
of the inviscid-flow equations and that diverges from the mea-
surements with increasing angle. It is also clear that the two
calculation methods agree with each other and with experiment
up to 8 deg, beyond which the interaction procedure follows
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Fig. 1 Variation of lift coefficient with angle of attack for the NACA
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Fig. 2 Variation of total drag coefficient with angle of attack.

the experimental results more closely and represents the ex-
pected maximum value at the same angle of attack as the mea-
surements. This aspect of the comparison of the two
calculation methods is similar to that reported in Ref. 1 in
relation to a NACA 0012 airfoil, with the two calculation
methods agreeing with each other up to 14 deg.

The drag coefficients of Fig. 2 are more difficult to appraise
since the two experimental distributions differ increasingly with
angle of attack and, for example, by a factor of almost two at
12 deg. Experimental differences are common, due to the inac-
curacy of integrating the wake profile and to wind-tunnel
effects associated with blockage or finite span. The magnitude
of the present differences is, however, unusual. The results ob-
tained with the two calculation methods agree with the mea-
surements of Refs. 19 and 21 and are at odds with those of
Refs. 17 and 18. The results were obtained by wake integration
of the interactive boundary-layer results and by surface inte-
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Table I Comparison of calculated and experimental results for
transonic flows

Case 1: NACA 0012 airfoil, M, =0.775, R, = 3.5 x 10°

IBL TLNS Exp (25)
M, 0.775 0.775 0.775
o I deg I deg 1 deg
G 0.2066 0.1989 Not available
C, 0.0121 0.0152 Not available

Case 2: NACA 0012 airfoil, M, =0.5, R, =3 x 10°¢

IBL TLNS Exp (26)
M, 0.5 0.5 0.5
o 7.86 deg 7.86 deg 7.86 deg
C; 0.9892 0.9456 Not available
C, 0.012 0.022 Not available

Case 3: RAE 2822 airfoil, M_, =0.725, R, = 6.5 x 10°

IBL TLNS Exp (27)
M, 0.729 0.729 0.725
o 2.53 deg 2.59 deg 2.92 deg
o 0.743 0.738 0.743
C, 0.0112 0.0157 0.0127

Case 4. RAE 2822 airfoil, M,, =0.73, R, = 6.5 x 10°

. IBL TLNS Exp (27)
M, 0.734 0.734 0.730
« 2.85 deg 2.79 deg 3.19 deg
o 0.803 0.784 0.803
c, 0.0144 0.0196 0.0168

gration of the TLNS results since, in the latter case, the far
wake was not represented well by the calculations.

It is interesting to note that measurments of drag coefficient
obtained with NACA 0012 airfoils and described in Refs. 22
and 23 also show discrepancies that increase with angle of
attack so that, at 12 deg, the difference was around 15%. The
calculations of Ref. 1 revealed similar discrepancies, and it is
clear that it is difficult to achieve a high degree of accuracy.

For completeness, Fig. 3 presents distributions of pressure
coefficients obtained from the calculation methods at four
angles of attack. As can be seen, the distributions agree very
closely at 0 and 4 deg angle of attack, and reasonably well at
12 deg. But there are differences in the trailing-edge region, and
particularly in the representation of the small region of upper-
surface separation that affected the wake. This led, in part, to
better representation of the wake by the interaction boundary-
layer method. It can also be seen that the pressure peak is very
sharp and located almost at the leading edge. The distributions
at 16 deg reveal an even more peaky pressure distribution, and
the need to specify the onset of transition upstream of the trip
can be appreciated.

The discrepancy between the two calculation methods is
more evident at 16 deg and involves a large and important
difference in the trailing-edge region, where the interactive ap-
proach suggests separation some 20% of chord upstream of
the trailing edge, and the TLNS method suggests a smaller
separation.

The GA(W)-2 airfoil represents a more difficult test, since it
is a 13% thick airfoil of supercritical form. Measurements have
been reported® at a chord ‘Reynolds number of 4.3 x 10 and
with transition trips at 7.5% chord on both surfaces. Calcula-
tions were performed with both methods and, as before, con-
sidered the onset of transition in accord with the experimental
configuration, unless the interactive approach indicated a lam-
inar separation bubble. In that case, the onset of transition was
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Fig.3 Comparison of computed pressure distributions at four different angles of attack for the NACA 4412 airfoil at R, = 1.523 x 10°.

taken as coincident with the onset of separation. The results
shown in Fig. 4 display the variations of lift and drag co-
efficient with angle of attack.

The deductions that can be made from Fig. 4 are similar to
those obtained from Figs. 1 and 2. The two calculation meth-
ods represent an improvement over the inviscid-flow calcula-
tions in terms of the lLift coefficient, and as before, the
interactive method provides results in very close agreement
with experiment. The interactive method is also able to calcu-
late the drag coefficient satisfactorily at lower angles of attack
but with less accuracy as the angle of attack increases so that

the difference between measurement and calculation is around
20% at 14 deg. The results of the TLNS method are less satis-
factory. A sample of pressure distributions is provided in Fig.
5 and, as before, shows the need for a proper implementation
of the TLNS method in the trailing-edge region.
Less-detailed information is available in transonic flow and,
as is expected data corresponding to cruise conditions of air-
craft are mostly confined to low angles of attack. Thus, mea-
surements have been reported for a NACA 0012 airfoil at 1.00
and at 7.86 deg with corresponding Mach numbers of 0.775
and 0.5%>2%; and Ref. 27 provides information of the flow
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around an RAE 2822 airfoil at 2.92 and 3.19 deg and at Mach
number of 0.725 and 0.730, respectively. The pressure distribu-
tions for the four cases are presented in Fig. 6, and the calcu-
lated lift and drag coefficients are shown in Table 1 together
with the experimental values. The calculations for the NACA
0012 airfoil were made by using the experimental Mach num-
bers and angles of attack, since information regarding wind-
tunnel blockage corrections was not available. On the other
hand, this information was available for the RAE 2822 airfoil
and, as a result, a Mach number higher than 0.004 of that
reported in Ref. 27 was used in the calculations. Due to the
uncertainty of the angle of attack correction, the experimental
lift coefficient was specified in the IBL method. The calcula-
tions for the TLNS method were also made under similar con-
ditions, although in this case the angle of attack was input and
its value was adjusted until the computed lift coefficient nearly
matched the experimental value.

As shown in Fig. 6 and Table 1, the pressure distributions
and lift coefficients computed by both procedures agree with
each other and with experimental data. As in subsonic flows,
however, the calculated drag values by the IBL method are
slightly lower than the experimental results, and those com-
puted by the TLNS are consistently higher.

€) a=12deg

Fig. 5 Comparison of calculated and experimental pressure distributions for the GA(W)-2 airfoil, R, = 4.3 x 10°.
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Fig. 6 Comparison of calculated and experimental pressure distributions for transonic flow.

Concluding Remarks

Two separate procedures for computing airfoil characteris-
tics in subsonic and transonic flows are evaluated. The first
scheme is based on the solution of the thin-layer Navier-Stokes
equations (TLNS), while the second scheme is based on the
solution of inviscid- and viscous-flow equations by a special
coupling procedure (IBL). Calculations have been performed
with essentially the same turbulence model and with identical
transition locations. The following conclusions can be drawn
from the studies reported in this paper.

1) For subsonic flows, the calculation of the lift coefficient
of conventional airfoils at low and moderate angles of attack is
obtained with good accuracy by both IBL and TLNS proce-
dures. At flow conditions approaching stall, however, the
TLNS results begin to deviate from experimental data and
continue to increase with incidence rather than exhibit the
“flattening” behavior near C,,,,. The IBL results, on the other
hand, follow the experimental trend well and show good agree-
ment with data, provided that small adjustments are made to
the transition location at higher angles of attack.

2) While the results of the IBL procedure are equally satis-
factory for airfoils other than conventional ones, those ob-
tained with the TLNS are not. For example, the Navier-Stokes
calculations for the GA(W)-2 airfoil show a great deal of sen-
sitivity to the choice of grid distributions near the trailing edge

with calculated lift coefficients differing as much as 50% for
Ax/c increments of 0.001 and 0.01 at the trailing edge. Addi-
tional studies are needed to remove this sensitivity and to find
the best grid to perform the Navier-Stokes calculations.

3) In general, the drag predictions of the two procedures are
different, with the difference becoming more pronounced as the
angle of incidence increases. The IBL results seem to be in
better agreement with the experiment than the TLNS results,
which is somewhat contrary to the conclusion of Ref. 1; how-
ever, the data on drag coefficients are not as accurate as those
for the lift coefficients. Better data and additional comparisons
should be made to reach a more concrete conclusion.

4) For transonic flows, the lift predictions of the two meth-
ods are essentially the same. The computed drag coefficients do
not agree with experiment as well as the lift coefficients do; the
edge in accuracy, however, appears to be with the IBL results.
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